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 Equations of motion (classical):
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1) Assign initial � (positions) and � (momenta)

2) Evolve (numerically) Newton's equations of 
motion for a discrete time increment (requires 
evaluation of the forces)

3) Assign new positions and momenta
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 Microcanonical (NVE)

 Canonical (NVT)

 NPT, NPH (Pressure, H - enthalpy)

 Grand-canonical (�VT)
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Computer “experiment”: 

equilibrate the system and measure 
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 (Basic) Verlet algorithm



 (Basic) Verlet algorithm

The first step (�(�)) is obtained 
from the Euler method



 Instability of trajectories
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 Instability of trajectories



 Instability of trajectories

Why should anyone believe in molecular 
dynamics simulations??



 Instability of trajectories

Ott, E. Chaos in Dynamical Systems. New York: Cambridge University Press, pp. 18-19, 1993



 Principle of minimal action
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 Statistical sampling
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 Statistical sampling
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 Thermodynmic integration
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 Thermodynmic integration
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 Thermodynmic integration
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 Statistical sampling

� � ~ ��∫ ������ � 0 ⋅ �(�)
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 Calculate forces from an ab initio potential �( � )

 Different flavors

 Reachable time scales (by Born-Oppenheimer 
MD): tens of picoseconds to few nanoseconds



 Specify initial � �� and �(��)

 Converge electronic structure via a self-
consistent cycle

 Calculate forces

 Integrate the equations of motion to evolve � �
and �(�)

 Determine � � + �� and �(� + ��) and go to
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What is a good time step?

Depends on the highest vibrational frequency 

(smallest mass) in your system (� ≈ �/�)

Typically, time step is chosen ~ 1/10����

(femtosecond time scale)



 Read initial � �� and �(��)

 Converge electronic structure via a self-
consistent cycle

 Calculate forces

 Integrate the equations of motion to evolve � �
and �(�)

 Determine � � + �� and �(� + ��) and go to





 Car-Parinello MD

satisfy constraints 
at each time step



 Car-Parinello MD



 Thermostats

bathsys HHH 

conserves energy yields Maxwell-Boltzmann distribution 
of velocities  for given T
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 Thermostats
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 Thermostats
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 Thermostats

G. Bussi, D. Donadio, and M. Parrinello, J. Chem. Phys. 126, 014101 (2007)
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 Barostats
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 Why is this important?

figure courtesy of Mariana Rossi



 When is this important?



 Path integral MD
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 Path integral MD
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eigenstates of momentum operator (��|�⟩ = ��/�� |�⟩) 
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 Path integral MD
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 Path integral MD
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 Path integral MD
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 Path integral MD
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 Path integral MD

��� � =
��

2��ℏ�

�/�

� � ���

�

���

� � ���

�

���

exp −� �
��

�

2��

�

���

+ ����(��, … ��)

����(��, … ��) = �
1

2
�

�

�ℏ

�

�� − ����
� +

1

�
� ��

�

���
�������



 Path integral MD
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 Calculation of integrals numerically
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 Importance sampling
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 Importance sampling
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 Calculation of integrals numerically

Metropolis, Rosenbluth, Rosenbluth, Teller, Teller, J. Chem. Phys. 21, 1087 (1953)
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 Computing statistical averages
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 Combining MD and MC - replica-exchange 
(parallel tempering) MD
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 Replica-exchange (parallel tempering) MD

Swap 2Swap 1M
D

 
ru

n
 1

M
D

 r
u
n
 

2

T5

T4

T3

T2

T1

M
D

 r
u
n
 

3



 Sampling rough potential-energy surfaces
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 Sampling rough potential-energy surfaces
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Add a Gaussian every time step at 
every visited point on PES (continuous 
direct metadynamics)
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 Sampling rough potential-energy surfaces
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The “magic” (in fact, rigorously 
proven):

� �, � → ∞ = −� � + ��������

collective variables



 Sampling rough potential-energy surfaces
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A. Barducci, M. Bonomi and M. Parrinello, WIREs Comput Mol Sci 1, 826 (2011)

To reduce oscillations around �(�): 
decrease Gaussian deposition rate with 
time (well-tempered metadynamics) 

� �, � → ∞ = −� � + ��������



 Collective variables

A. Barducci, M. Bonomi and M. Parrinello, WIREs Comput Mol Sci 1, 826 (2011)



 Collective variables

A. Barducci, M. Bonomi and M. Parrinello, WIREs Comput Mol Sci 1, 826 (2011)

��(�) - collective variable

1) � � = � - inefficient for complex PES

2) Principal component analysis of data 
from a preliminary sampling

3) Along reaction coordinate (NEB) plus 
distance from the path



 Applications

A. Barducci, M. Bonomi and M. Parrinello, WIREs Comput Mol Sci 1, 826 (2011)



 Reaction kinetics - kinetic MC (kMC)
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 Reaction kinetics - kinetic MC (kMC)

Molecular Dynamics:
the whole trajectory

Kinetic Monte Carlo:
coarse-grained hops

ab initio MD:
up to 50 ps

ab initio kMC:
up to minutes



 Crucial ingredients of kMC

1) Elementary processes

Fixed process list vs. „on-the-fly“ kMC
Lattice vs. off-lattice kMC

2) Process rates

PES accuracy
Reaction rate theory
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K. Reuter and M. Scheffler, Phys. Rev. B 73, 045433 (2006)

Adsorption: CO - unimolecular, O2 – dissociative
no barrier
rate given by impingement 

Desorption: CO – 1st order, O2 – 2nd order
out of DFT adsorption well (= barrier)
prefactor from detailed balance

Diffusion: hops to nearest neighbor sites
site and element specific
barrier from DFT (TST)
prefactor from DFT (hTST)

Reaction: site specific
immediate desorption, no readsorption
barrier from DFT (TST)
prefactor from detailed balance

)2/( B0 TmkpSk 

26 elementary processes 
considered



T = 600 K              pO2 = 1 atm pCO = 7 atm

K. Reuter, D. Frenkel and M. Scheffler, Phys. Rev. Lett. 93, 116105 (2004)

K. Reuter, C. Stampfl, and M. Scheffler, Handbook of materials modeling, 
part A. Methods, p. 149, Springer, Berlin (2005)



 kMC phase diagrams
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 (pO2, pCO)-map of catalytic activity
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 Molecular dynamics - system dynamics at finite T

 Monte Carlo - clever random walks

 Combined - replica-exchange (parallel 
tempering) MD


