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 Why thermodynamics for materials?
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 Example: Phonons
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For     = 300 K,     = 1 

atm  ~ 108 site-1 s-1

Requires          10-12 atm

to keep a “clean” 

surface clean; surface 

can also lose atomsT p

p



 Example



 Thermodynamic potentials

𝑈(𝑆, 𝑉, {𝑁})

𝐹 𝑇, 𝑉, 𝑁 = 𝑈 − 𝑇𝑆

𝐻 𝑆, 𝑝, 𝑁 = 𝑈 + 𝑝𝑉

𝐺 𝑇, 𝑝, 𝑁 = 𝑈 − 𝑇𝑆 + 𝑝𝑉

𝑑𝑈 = 𝑇𝑑𝑆 − 𝑝𝑑𝑉 +  𝑖 𝜇𝑖𝑑𝑁𝑖

𝜇𝑖 =
𝜕𝑈

𝜕𝑁𝑖 𝑆,𝑉

=
𝜕𝐻

𝜕𝑁𝑖 𝑆,𝑝

=
𝜕𝐹

𝜕𝑁𝑖 𝑇,𝑉

=
𝜕𝐺

𝜕𝑁𝑖 𝑇,𝑝

Ω 𝑇, 𝑝, 𝜇 = 𝑈 − 𝑇𝑆 −  𝑖𝑁𝑖𝜇𝑖
𝐺 𝑇, 𝑝, 𝑁𝑖≠𝑗 , 𝜇𝑗 = 𝐺 −𝑁𝑗𝜇𝑗



 Reaching the equilibrium



 Statistical thermodynamics

𝑆 = 𝑘 log 𝑊

𝑊 - number of microstates for a 

given macrostate

This is “only” a postulate - but it 

works!

Why it should work: (i) in 

equilibrium 𝑊 → max, so that 

𝑆 → max; (ii) 𝑆 is additive, but 𝑊
is multiplicative



 Statistical thermodynamics

𝑃𝑖 =
𝑒−𝐸𝑖/𝑘𝑇

𝑍
, 𝑍 =  𝑖 𝑒

−𝐸𝑖/𝑘𝑇,  𝑖 𝑃𝑖 = 1



 Statistical thermodynamics

𝑊 =
𝑁!

𝑁1! 𝑁−𝑁1 !

𝑁−𝑁1 !

𝑁2! 𝑁−𝑁1−𝑁2 !
… =

𝑁!

𝑁1!𝑁2!…

𝑁𝑖 = 𝑁𝑃𝑖 = 𝑁
𝑒−𝐸𝑖/𝑘𝑇

𝑍
,  𝑆 = 𝑘ln𝑊 = 𝑘ln 𝑁! − 𝑘  𝑖 ln 𝑁𝑖!

ln 𝑁! ≈ 𝑁ln𝑁 − 𝑁

𝑍 - canonical partition function



 Statistical thermodynamics
 𝑆 = 𝑘ln𝑊 = 𝑁𝑘ln𝑍 +

𝑁

𝑇𝑍
 𝑖 𝐸𝑖𝑒

−𝐸𝑖/𝑘𝑇

 𝑈 =
𝑁

𝑍
 𝑖 𝐸𝑖𝑒

−𝐸𝑖/𝑘𝑇 =
𝑁𝑘𝑇2

𝑍

𝜕𝑍

𝜕𝑇

𝑆 =
 𝑆

𝑁
=

𝑘ln𝑊

𝑁
= 𝑘ln𝑍 +

𝑈

𝑇
= 𝑘ln𝑍 + 𝑘𝑇

𝜕ln𝑍

𝜕𝑇

𝐹 = 𝑈 − 𝑇𝑆 = −𝑘𝑇ln𝑍

𝑈 =
 𝑈

𝑁
=

𝑘𝑇2

𝑍

𝜕𝑍

𝜕𝑇
= 𝑘𝑇2 𝜕ln𝑍

𝜕𝑇

𝐺 = 𝐹 + 𝑝𝑉 = −𝑘𝑇ln𝑍 + 𝑝𝑉

𝜇(𝑇, 𝑝) =
𝜕𝐺

𝜕𝑁 𝑇,𝑝
=

𝜕

𝜕𝑁
−𝑘𝑇ln𝑍 + 𝑝𝑉 𝑇,𝑝



 Statistical thermodynamics

equilibrium
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Δ𝐺 = 𝐺𝑠𝑢𝑟𝑓 𝑁𝑂 + 1 − 𝐺𝑠𝑢𝑟𝑓 𝑁𝑂 +
1

2
𝜇𝑂2

𝜇𝑂 =
1

2
𝜇𝑂2



Surface modeling

1) Slab model (supercell approach)

+ regular surfaces

+ coverage dependence

± defect-defect or adsorbate-

adsorbate interaction

2) Cluster model:

+ isolated defects or 

adsorbates

- border effects

embedded

cluster

Embedding: point charges (ionic 

systems), dangling bond saturation 

(covalently-bound systems),…



Surface modeling: important issues

1) Finite slab thickness (surface-surface interaction)

2) Finite vacuum layer thickness (image-image interactions)

3) Long-range interactions (charge, dipole moment)

4) Surface polarity

- +
- +

- +
- +

- +
- +

- +
- +

…

φ
periodic boundary 

conditions

artificial electric field

- +
- +

- +
- +

- +
- +

- +
- +

…

φ

Li (+1)

Nb (+5)

O (-2)
+q -q +q -q+q -q +q -q +q -q +q -q

Δφ

+ -
+ -
+ -

+ -

dipole correction



 Statistical thermodynamics

equilibrium
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Δ𝐺 = 𝐺𝑠𝑢𝑟𝑓 𝑁𝑂 + 1 − 𝐺𝑠𝑢𝑟𝑓 𝑁𝑂 +
1

2
𝜇𝑂2

𝜇𝑂 =
1

2
𝜇𝑂2



 Statistical thermodynamics

Δ𝛾 𝑁𝑂, 𝑇, 𝑝 =
1

𝐴
𝐺𝑠𝑢𝑟𝑓 𝑁𝑂, 𝑇, 𝑝 − 𝐺𝑠𝑢𝑟𝑓 𝑁𝑂

𝑟𝑒𝑓
, 𝑇, 𝑝 − 𝜇𝑂 𝑁𝑂 − 𝑁𝑂

𝑟𝑒𝑓
→ min

𝑁𝑂

𝐺𝑠𝑢𝑟𝑓 𝑁𝑂 − 𝐺𝑠𝑢𝑟𝑓 𝑁𝑂
𝑟𝑒𝑓

= Δ𝐸𝑠𝑢𝑟𝑓 + Δ𝑈𝑣𝑖𝑏 − 𝑇Δ𝑆𝑣𝑖𝑏 − 𝑇Δ𝑆𝑐𝑜𝑛𝑓 + 𝑝Δ𝑉



 Statistical thermodynamics



 Statistical thermodynamics

𝑍 =
𝑧𝑡𝑟𝑎𝑛𝑠𝑙

𝑁

𝑁!
𝑧𝑟𝑜𝑡

𝑁 𝑧𝑣𝑖𝑏
𝑁 𝑧𝑒𝑙

𝑁 𝑧𝑛𝑢𝑐𝑙
𝑁

translational states are invariant with respect to any 

permutations of molecules (indistinguishable molecules)



 Statistical thermodynamics

𝜇(𝑇, 𝑝) =
𝜕

𝜕𝑁
(−𝑁𝑘𝑇ln 𝑧𝑡𝑟𝑎𝑛𝑠𝑙 + 𝑘𝑇ln𝑁! − 𝑁𝑘𝑇ln 𝑧𝑟𝑜𝑡 −

𝜇 𝑇, 𝑝 = −𝑘𝑇ln
𝑧𝑡𝑟𝑎𝑛𝑠𝑙

𝑁
− 𝑘𝑇ln 𝑧𝑟𝑜𝑡 − 𝑘𝑇ln 𝑧𝑣𝑖𝑏 −

𝑘𝑇ln 𝑧𝑒𝑙 − 𝑘𝑇ln 𝑧𝑛𝑢𝑐𝑙 + 𝑘𝑇

𝑧𝑡𝑟𝑎𝑛𝑠𝑙

𝑁
=

𝑉

𝑁
∫ 𝑒−

ℏ𝐤2

2𝑚𝑘𝑇𝑑𝐤 =
𝑉

𝑁

2𝜋𝑚𝑘𝑇

ℏ2

3

2
=

𝑘𝑇

𝑝

2𝜋𝑚𝑘𝑇

ℏ2

3

2

required input - molecule’s mass 𝑚

𝑧𝑒𝑙 =  𝑖(2𝑠𝑖 + 1)𝑒−
𝐸𝑖
𝑘𝑇 ≈ 2𝑠0 + 1 𝑒−

𝐸0
𝑘𝑇 → 𝜇𝑒𝑙 ≈ 𝐸0 − 𝑘𝑇ln(2𝑠0 + 1)

required input - 𝐸0, 𝑆



 Statistical thermodynamics

𝑧𝑟𝑜𝑡 =
1

𝜎
 𝐽(2𝐽 + 1)𝑒−

𝐵0𝐽(𝐽+1)

𝑘𝑇 ≈
1

𝜎
∫0
∞

2𝐽 + 1 𝑒−
𝐵0𝐽 𝐽+1

𝑘𝑇 𝑑𝐽 =
𝑇

𝜎𝜃𝑟

𝜃𝑟 =
ℏ2

2𝑘𝐼
, 𝐼 =

𝑚𝐴𝑚𝐵

𝑚𝐴+𝑚𝐵
𝑑2, 𝑑 is the bond length

𝜇𝑟𝑜𝑡 ≈ −𝑘𝑇ln
2𝑘𝑇𝐼

𝜎ℏ2
, required input - rotational constant 

(calculated or from microwave spectroscopy)



 Statistical thermodynamics

𝑧𝑣𝑖𝑏 = Π𝑖=1
𝑀  𝑛=0

∞ 𝑒
− 𝑛+

1

2

ℏ𝜔𝑖
𝑘𝑇 = Π𝑖=1

𝑀 𝑒−
ℏ𝜔𝑖
2𝑘𝑇  𝑛=1

∞ 𝑒−
𝑛ℏ𝜔𝑖
𝑘𝑇 =

= Π𝑖=1
𝑀 𝑒

−
ℏ𝜔𝑖
2𝑘𝑇

1−𝑒
−
ℏ𝜔𝑖
𝑘𝑇

(used the fact that sum over 𝑛 is a geometric 

series)

𝜇𝑣𝑖𝑏 =
ℏ𝜔

2
+ 𝑘𝑇ln 1 − 𝑒−ℏ𝜔/𝑘𝑇

required input - vibrational frequency 𝜔



 Ab initio atomistic thermodynamics

It is convenient to define a reference for                :),( pT ),(),( 0 pTEpT  

Alternatively: )/ln(),(),( B

 ppTkpTpT  

and                                   from thermochemical tables (e.g., JANAF)),( atm1 pT



 Ab initio atomistic thermodynamics
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Δ𝛾 𝑁𝑂, 𝑇, 𝑝 =
1

𝐴
Δ𝐸𝑠𝑢𝑟𝑓 + Δ𝑈𝑣𝑖𝑏 − 𝑇Δ𝑆𝑣𝑖𝑏 − 𝑇Δ𝑆𝑐𝑜𝑛𝑓 + 𝑝Δ𝑉 − 𝜇𝑂Δ𝑁𝑂

electronic structure calculations

Δ𝐹𝑣𝑖𝑏 𝑇, 𝑉 = 𝑉 ∫0
∞
𝑓 𝑇,𝜔 𝜎 𝜔 − 𝜎𝑟𝑒𝑓 𝜔 𝑑𝜔, 𝜎(𝜔) -

phonon density of states, 𝑓 𝑇,𝜔 =
ℏ𝜔

2
+ 𝑘𝑇ln 1 − 𝑒−ℏ𝜔/𝑘𝑇



 Ab initio atomistic thermodynamics

Δ𝛾(𝑇, 𝑝𝑂2
) =

1

𝐴
𝐸𝑠𝑢𝑟𝑓 𝑁𝑂 − 𝐸𝑠𝑢𝑟𝑓 0 − 𝑁𝑂

1

2
𝐸𝑂2

−
1

𝐴
𝑁𝑂Δ𝜇𝑂(𝑇, 𝑝𝑂2

)

bulk Pd metal

surface



p(2x2) O/Pd(100)

(√5x√5)R27o PdO(101)/Pd(100)
M. Todorova et al., Surf. Sci. 541, 101 (2003); K. Reuter and M. 

Scheffler, Appl. Phys. A 78, 793 (2004)

Δ𝛾(𝑇, 𝑝𝑂2
) =

1

𝐴
Δ𝐸𝑠𝑢𝑟𝑓 𝑁𝑂 −

1

𝐴
𝑁𝑂Δ𝜇𝑂(𝑇, 𝑝𝑂2

)



 Ab initio atomistic thermodynamics

Δ𝐹𝑣𝑖𝑏 𝑇, 𝑉 = 𝑉 ∫0
∞
𝑓 𝑇,𝜔  𝜎 𝜔 −)(

Only changes in vibrational free energy 

contribute to the surface free energy

Make estimate from simple models

e.g., Einstein model: )()(  

Pd
 (bulk) ~ 25 meV



Surface-induced variations of substrate modes

< 10 meV/Å2 for T = 600 K – in this case!!!
K. Reuter and M. Scheffler, Phys. Rev. B 65, 035406 (2001)

surface 

versus bulk

±50% characteristic 

frequency



First-principles atomistic thermodynamics: 

constrained equilibria

constrained

equilibrium

C.M. Weinert and M. Scheffler, Mater. Sci. 

Forum 10-12, 25 (1986); E. Kaxiras et al., 

Phys. Rev. B 35, 9625 (1987); 

X
),(

22
OO pT ),( COCO pT

K. Reuter and M. Scheffler, 

Phys. Rev. B 65, 035406 (2001); 

Phys. Rev. B 68. 045407 (2003)

Δ𝛾 𝑇, 𝑝𝑂2
=

1

𝐴
𝐸𝑠𝑢𝑟𝑓 𝑁𝑂, 𝑁𝐶𝑂 − 𝐸𝑠𝑢𝑟𝑓

𝑟𝑒𝑓
−𝑁𝑂

1

2
𝐸𝑂2

−𝑁𝐶𝑂𝐸𝐶𝑂

−
1

𝐴
𝑁𝑂Δ𝜇𝑂 𝑇, 𝑝𝑂2

−
1

𝐴
𝑁𝐶𝑂Δ𝜇𝐶𝑂 𝑇, 𝑝𝐶𝑂



Surface phase diagrams

CO oxidation on 

RuO2(110)

K. Reuter and M. Scheffler,

Phys. Rev. Lett. 90, 046103 (2003)
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When vibrations do matter 
µ

H
(e

V
)

µO (eV)
ZnO (0001) 

surface phase 

diagram in H2O-O2

atmosphere – no 

vibrations

M. Valtiner, M. Todorova, G. Grundmeier, and J. Neugebauer, PRL 103, 065502 (2009)

No structure with 

(2x2)

periodicity as seen 

at the ZnO(0001) 

surface

annealed in a dry 

oxygen 

atmosphere 

(containing at 

maximum

2 ppm water)



When vibrations do matter 

M. Valtiner, M. Todorova, G. Grundmeier, and J. Neugebauer, PRL 103, 065502 (2009)

𝒑
𝑯
𝟐

(b
a

r)

𝒑𝑶𝟐
(bar)

A (2x2)-O adlayer

structure is 

stabilized by 

vibrational

entropy effects

Observed at 

“humid” 

conditions



Polar surfaces

Paraelectric lithium niobate (LiNbO3) stoichiometric surfaces:

+q -q +q -q +q -q +q -q +q -q +q -q-qS
P

qS
P

qS
P = -q/2 ≈ -2.5e ≠ 0 – surface charge, PPE ≠ 0

Δφ

Δφ ≈ 250 V >> Eg/e ≈ 3.7 V  surface charge almost completely passivated

+5 -5



Polar surfaces

Where to cut?

Charge = 0, 

Dipole moment ≠ 0 

Charge = -5e, 

Dipole moment = 0 

Surface charge = ± 2.5e 



Ferroelectric lithium niobate LiNbO3.

Unrelaxed stoichiometric surface and layer stacking:

Z X

Y

Z

X Y-L
i-

O
3
-N

b
-
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i-
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y
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rs

Ferroelectric transition: ZY

X



Ferroelectric lithium niobate LiNbO3

Unrelaxed stoichiometric surface and layer stacking:

Z X

Y

Z

X Y-L
i-

O
3
-N

b
-

tr
i-

la
y
e
rs

Ferroelectric transition: ZY

X



Surface and environment.

Surface free energy:

OOLiLiNbNbOLiNb
slab NpTNpTNpTNNNGpT ),(),(),(),,(),(  

Chemical potentials μLi, μO, 

and μNb such that:

1) bulk LN is stable:

2) no other condensed 

phases are stable:

bulk
LNONbLi g  3

bulk
NbNbNb

bulk
LiLiLiOOO ggg  maxmaxmax ,,

2

1
2



bulk

ONbONb

bulk

OLiOLi gg
522

52,2  



Phase diagram for the negative surface

Levchenko, Rappe, PRL 100, 256101 (2008)



Phase diagram for the positive surface

Levchenko, Rappe, PRL 100, 256101 (2008)



Surface charge passivation

Δ
φ

io
n

>
>

 E
g
/e

e-

Fixed stoichiometry: surface charge passivated by electrons and holes.

h+ h+ h+

e- e- e-

About 1e/unit cell is transferred



Most stable terminations: explanation

positive surface: negative surface:

Li2-O3-Nb- -Li-O

Accommodates compensating 

h+: additional Li stabilizes h+

by forming Li+

Accommodates compensating 

e- : additional LiO stabilizes e-

by forming LiO-

Compensation with ions is preferred over compensation with mobile charges!

Levchenko, Rappe, PRL 100, 256101 (2008)


